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Abstract
The enhancement of turbulance through the use of turbulators has been studied extensively in the past.
The copper coil insert has been tested via experimental research which presented data sufficient enough to
conclude that such turbulators would be effective when used in all high-heat load/flux components at the
Advanced Photon Source at Argonne National Laboratory. The present investigation discusses the numerical
simulation of the wire coil insert using spectral element analysis. The non-dimensionalized heat transfer
coefficient, Nusselt Number, and eddy diffusivity are used to draw conclusions regarding main transport
mechanisms and optimal design parameters of the wire. The optimal parameter case, as determined by
Collins et al. [3, 4], is analyzed here. This analysis confirms the conclusion of previous experimental
research, shows that the increase of heat transfer due to the turbulators is not highly correlated to material
choice of the turbulator, and maintains that the main heat transfer mechanism is turbulent mixing.
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Chapter 1
Introduction
Heat transfer augmentation is of fundamental importance to a wide variety of industrial processes. Effective
heat transfer is essential for cooling components and allows for higher operating temperatures, higher power
levels, or greater temperature differentials that lead to higher thermal efficiency. Enhancing heat transfer is
thus of great interest to engineering design. Computers, automobiles, aircraft, and refineries are just a few of
the thousands of engineering applications that rely on heat transfer augmentation for increased performance.
In the present study, we are concerned with heat transfer augmentation in pipe flow, motivated by high-heat
load/flux components designed for the advanced photon source (APS) at Argonne National Laboratory.
1.1 Heat Transfer Augmentation
There are a variety of methods which have been developed to enchance passive heat transfer augmentation.
Typical mechanisms in pipe flows include the use of inserts or surface modification. The most frequently
studied of these methods is the tape type insert [6,9]. Many other methods have been studied, including ribs
and a variety of wire coil inserts. Here, we consider wire-coil inserts consisting of a single helically wrapped
wire of a given pitch and diameter. Experimental work with wire coil inserts of this type has shown several
advantages over other heat transfer augmentation [7, 9, 14]. Collins et al. [3, 4] performed experiments
at the Advanced Photon Source (APS) and concluded that these copper inserts should be used in future
high-heat load/flux components at APS due to their increase in heat transfer and relatively low pressure
loss as compared to previously employed heat transfer enhancement techniques.
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Figure 1.1: Physical apparatus currently in use at APS [3]
Figure 1.1 depicts the heat enhancement techniques and physical set-up currently in use at the APS
facility.
In [3, 4], Collins et al. investigated the performance of wire coil inserts over a range of wire diameters,
e, and pitches, p, under fixed volumetric flow rate Q. They found that a diameter and pitch ratio of
(e/D, p/D) = (.2507, .4273), where D is the pipe diameter, sustained the largest increase in Nusselt number
(Nu) - up to four times that for a pipe without inserts - at the same Reynolds number,
ReD =
4Q
νpiD
(1.1)
where ReD is the Reynolds number based on pipe diameter D and kinematic viscosity ν.
There are several hypotheses for observed heat transfer enhancement. These include the increased sur-
face area provided by the addition of the wire coil insert, increased stirring by generation of swirling and
turbulence due to the wire coil insert, and modification of the base flow.
The purpose of the present investigation is to use direct numerical simulation (DNS) of the turbulent
convective heat transfer to investigate why this configuration is optimal. In essence, we seek the fundamental
heat transfer mechanisms that are leading to the significant increase in heat transfer.
2
1.2 Approach
We investigate the heat transfer augmentation numerically. To better understand the possible contributors
to enhancement, we begin with fundamental two-dimensional model problems. We then consider fully-
developed turbulence in a three-dimensional model of Collins’ experiment.
Figure 1.2: Physical domain demonstrating simulation conditions
Figure 1.1 provides a schematic of the configuration of interest, which is a conjugate-heat transfer prob-
lems having a solid wall (and wire-coil, when present) that is heated by constant thermal flux boundary
conditions on the outer wall. U∞ is the entrance velocity, q′′ is the prescribed heat flux, and Twall is the
temperature at the inner-wall boundary that is the fluid-solid interface. The temperature is governed by the
convection-diffusion equation:
(ρcp)[
∂T
∂t
+ u∇T ] = ∇ · k∇T + q′′′, (1.2)
where u is the velocity field, T is the temperature field, q′′′ is the volumetric heat source and k , ρ , cp ,
are the conductivity, density, and specific heat, respectively. It is important to note that for this numerical
simulation, the surface flux, q′′, was held at a constant and the primary goal is to drive Twall as low as
possible. We note that this is fundamentally different than the case where energy removal is maximized with
a constant Twall. Moreover, the optimization problem is to maximize the heat transfer coefficient for a fixed
volumetric flow rate, as opposed to a fixed pumping power as has been considered by other authors. (This
choice is motivated by flow constraints at the APS facility.)
To reach fully-developed flow in a computationally efficient manner, periodic boundary conditions are
applied in the streamwise direction. For the velocity, periodicity is imposed by simply constraining the inflow
and outflow boundary values to be the same and applying a volumetric body force (mean pressure gradient)
to drive the flow. For the temperature and pressure, one needs to account for the mean linear gradient, as
discussed in Chapter 3.
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The quantities of interest are the Nusselt number and eddy diffusivity. The Nusselt number is elected as
one of the comparison choices because it represents efficiency of heat transfer. Eddy diffusivity is elected as a
method of approximating the effect of turbulence in the simulation. An increase in Nusselt number indicates
better heat transfer. The Nusselt number is defined as the non-dimensional heat transfer coefficient:
Nu =
Hh
k
, (1.3)
where H is the height , h is the convective heat transfer coefficient, and k is the thermal conductivity. The
heat transfer coefficient is defined by the linear relationship:
q˜′′ = h[Twall − Tbulk, (1.4)
where q˜′′ is the mean surface flux on the inner wall, and Tbulk and Twall are the appropriately averaged bulk
and wall temperatures. Specifically,
Tbulk =
<
∫
Ac
TudA∫
Ac
udA
, (1.5)
where Ac is a cross-section of the pipe at a given steamwise position, u is the streamwise component of
velocity, and < · > is an averaging process that may include temporal and/or spactial averages. Similarly,
Twall :=
< T > |∂Ωwall
< 1 |∂Ωwall
, (1.6)
gives the average temperature on the part of the domain boundary, ∂Ωwall, designated as the interior wall.
Eddy diffusivity is defined as:
Keff ≈ ∇T · < u
′T ′ >
∇T · ∇T (1.7)
where T¯ =< T >. To fully understand the heat transfer mechanisms, we vary Reynolds number and
material properties. The data for the copper coil inserts will be compared to the data for the glass coil
inserts and the experimental results from the APS study. Each case is analyzed in the discussion section.
1.3 Overview
The outline of this thesis is as follows. In Chapter 2 there is an overview of previous experimental and
numerical studies including a detailed description of the experimental work of Collins [3, 4] that forms the
basis for the present investigation. In Chapter 3 there is a description of the model configuration and the
4
governing equations. Some of the fundamental elements of unsteady convective heat transfer are reviewed,
including two-dimensional numerical investigations that shed light on mechanisms leading to increased Nus-
selt numbers. In Chapter 4 we describe the basis for the spectral element simulations that are used for the
current investigations. Chapter 5 presents the data for the current investigations including several three-
dimensional configurations at varying Reynolds numbers. In Chapter 6 the findings and associated work are
discussed. Chapter 7 closes with a summary and suggestions for future studies.
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Chapter 2
Literature Review
There are three forms of heat transfer enchancement; active, passive, and combinative. Active heat transfer
enhancement is the use of an exterior input (e.g. fans or pumps) to enhance heat transfer. Passive heat
transfer methods are commonly a surface or interior alteration that increases heat transfer. Combinative
heat transfer augmentation is the combination of any two different types of heat transfer methods. Many
studies have been conducted to analyze the fluid behavior and heat transfer enhancement of passive tech-
niques [9]. The most frequently studied of the passive enhancement methods are twist tape inserts. Fairly
extensive experimental and numerical work has been conducted regarding this method [6, 9].
Here, however, the wire coil insert method is considered. These differ from twist tapes due to their helical
configuration. They are a relatively new addition to the methods of heat transfer enchancement, and have
been less studied than the twist tape method. In general, helical coils induce swirl in the fluid flow which
provides increased heat transfer. The impacts of wire coil inserts on fluid flow and heat transfer have been
studied by several groups.
2.1 Experimental Work
Garcia et al. [7] and Yakut and Sahin [14] studied inserts in laminar, transitional, and turbulent flows
to determine their thermohydraulic behavior. They found that the key component to the observed increase
in heat transfer rate was that the wire coil inserts triggered flow transition at Reynolds numbers down to
700. The heat transfer rate was increased by up to 200 % in the transition region. Studies also concluded
that the wire coils have more predictable behavior in the transition region than other forms of heat transfer
augmentation. They display continuous curves for both friction factor and Nusselt number allowing for ease
of design. This may make them more desirable in industrial application.
A few experimental studies have been conducted investigating the effects of wires with different cross-
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sectional shapes or in combination with other heat transfer enhancement methods. Most experimental
studies have focused on laminar flow below Re < 5, 000. Gunes et al. [8] investigated heat transfer in
turbulent flow of a wire coil with a triangular cross-section. They found that the Nusselt Number increases
with increasing Reynolds number and wire thickness and decreased pitch. Akhavan-Behabadi et al. [1]
analyzed inserts with pitches ranging from 12mm to 69mm and wire diameters ranging from 2.0 mm to 3.5
mm. They investigated the affect of geometry on the coil Fanning friction factor. Their study showed that
at Reynolds numbers above 500, a reduction in coil pitch results in an increase in the friction factor.
2.2 Numerical Work
Relatively few numerical studies have been conducted with wire coil inserts. Volodin et al. [13] in 2012 used
a series of simplified mathematical models to calculate various values to make conclusions about the effects
of wire coil inserts on fluid flow and heat exchange. They generalized the empirical relationships between
presure loss and heat exchange for a tube with a wire coil insert from Re = 2000− 30000 as:
fa = 5.76(e/D)0.95(p/D)−1.21Re−0.217 (2.1)
Nua = 0.132(p/D)−0.372Re0.72Pr0.37, (2.2)
These equations are from Garcia’s experimental study [7]. Volodin et al. concluded that there are two factors
that cause heat transfer enchancement. The first is that there is a creation of artificial roughness that excites
the near-boundary layer and reduces critical Reynolds number. They also noted that the wire coil insert
generates a spiral-shaped vortex which is in agreement with the previously mentioned experimental studies
[1, 7, 8, 14]. In general, Volodin et al. saw that the wire coil insert increases heat transfer significantly in
laminar flow where Reynolds number ranges from 1000 to 3000, that the effect is negligible when Reynolds
number falls below 500, and that the effectiveness of the wire coil insert increases in fluids with higher
Prandtl numbers.
A laminar flow numerical study conducted by Munoz-Esparza and Sanmiguel-Rojas investigated the
impacts of geometry on the friction factor. This study showed that the increase of dimensionless pitch, p/D
decreases the friction factor [10].
Finally, Solano et al. [12] studied laminar flow in pipes with wire coil inserts and uniform heat flux,
similar to the case studied here. They found, in general, that the coils promote radial mixing.
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2.3 Experimental Basis for Current Study
The main experimental comparison for this simulation is a study conducted by Jeff Collins, et. al. [3,
4] of Argonne National Laboratory. His extensive experimental studies looked for the optimal physical
configuration for heat transfer enhancement. The study compared various pitches and diameters of the
interior copper coil and determined the optimal physical design. Collins et al. used a test section made of
copper tubing with thermofoil heaters wrapped continuously around the outer portion of the test section.
They applied a uniform Ohmic heat using a DC power supply. Using thermocouples, Collins et al. was able
to measure a temperature profile for wires ranging in diameter from 0.094 in to 0.125 in with pitches ranging
from 0.091 in to 1 in (depending on wire size). Figure 2.1 depicts a portion of the testing tube used in his
study.
Figure 2.1: Test section used by Collins’ group [3]
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Figure 2.2: Experimental results: Nusselt number versus Reynolds number for e/D = 2507 at several pitch
ratios [3]
9
They compared heat transfer coefficient and pressure loss over various combinations of these pitches,
diameters, and flow rates. Figure 2.2 comes from this study and shows the optimal design parameters and
the ranges of expected Nusselt numbers for certain Reynolds numbers.
Collins’ studies concluded that at reasonably low flow rates, there is a significant advantage to using
copper coils as a means of enhancing heat transfer. Collins et al. also optimized the performance of such coil
inserts for the Advanced Photon Source (APS) and reported that e/D = .2507 and e/p = 0.4273 yielded the
highest Nusselt numbers, with as much as a three-to-four-fold increase over the straight pipe case. Collins
et al. [3, 4] validated their experiments by comparison of their straight pipe data with the Dittus-Boelter
relation:
Nu = 0.023Red4/5Prn, (2.3)
where Pr = 5.58 is taken to be the Prandtl number for water and is used throughout this study.
They theorized that perhaps three types of flow regimes exist for wire coil insert flow which resulted
in the performance variation. In their data set, they saw that coils with large pitch values ( > 0.25in)
resulted in a spiral-dominant flow which moves in an ”auger-like” motion. This observation agrees with
previous work conducted by other scientists. The second flow regime is the transition regime. This regime is
characterized by minimized fluid boundary layers. The final flow type is core-dominant flow. When the pitch
is decreased beyond the transition regime, the flow still has some spiral motion but has a core-dominated
profile. Effectively, the decreased pitch reduces the inner diameter of the pipe. In Collins’ study, it was
discovered that these copper coils can enhance the heat transfer within the Advanced Photon Source up to
400 % when using the proper pitch and diameter combination [3,4]. This physical set up is emulated in the
present Nek5000 simulation.
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Chapter 3
Theoretical Methods
In this section, the theoretical background is presented for this investigation. Intially, the boundary con-
ditions which govern the analysis are discussed. The governing equations and special derivations which
are implemented follow. These sections give a detailed explanation of the arrival of certain definitions of
the heat transfer metrics. They also provide the reader with supporting material to further enhance the
understanding of the investigation.
3.1 Uniform Surface Flux
An important note to make regarding this exploration is that efforts were made to closely emulate the
experiments done by Jeff Collins et al. [3,4]. Uniform heat flux is applied at the wall and the corresponding
wall temperature is allowed to fluctuate. Commonly, the goal in heat exchangers is to maximize heat flux
from the wall. In our case, as is the case at the Advanced Photon Source, we wish to minimize the wall
temperature while maintaining a fixed heat flux. Therefore, our calculations are based on a fixed heat
flux applied at the outer wall and we study the inner wall temperature, the Nusselt number, and the eddy
diffusion of the system.
3.2 Volumetric Flow Rate
For all simulations, a constant volumetric flow rate was imposed. The Navier-Stokes energy equations are
non-dimensionalized by the pipe diameter, D, and convective time scale D/U .
The Reynolds number equation is
ReD =
UD
ν
, (3.1)
where U is the average velocity, D is the diameter of the pipe, and ν is the viscosity. For the pipe, the
nominal average velocity is given by:
U =
Q
AD
=
Q
piD2/4
. (3.2)
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We note that equation (3.2) is used to define U whether the wire is present or not. Combining equations
3.1 and 3.2 we arrive at a new equation for Reynolds number:
ReD =
4Q
νpiD
, (3.3)
The simulation has been non-dimensionalized such that D = 1. By inspection, the volumetric flow rate Q
must be equal to pi/4 for the viscosity, ν, to be defined as 1/ReD.
3.3 Periodic Domains
The standard approach for simulation of turbulent flows in channels and pipes is to use periodic boundary
conditions. The underlying assumption is that the periodicity length shall be longer than the correlation
length of the turbulence. Higher Reynolds number flows generally have shorter correlation lengths and the
presence of mixing vanes or inserts further enhances this effect. Consequently, in our 3D simulations of
the inserts, we employed two helical twists of the coil wire, such that our domain length in the streamwise
direction is L = 2p, that is, twice the pitch.
Periodicity is imposed for the velocity by simply equating components, which in the 3D case amounts to,
u(x, y, z = 0, t) = b(x, y, z = L, t).
The same relationship holds for the pressure,
p(x, y, z = 0, t) = p(x, y, z = L, t),
under the assumption that we add a spatially-uniform but time varying body force throughout the flow field.
The Navier-Stokes equations in this case read,
∂u
∂t
+ u · ∇u = 1
Re
∇2u − ∇ + f ,
where f = (0, 0, fz) and fz = fz(t) is chosen to enforce a fixed volumetric flow rate, Q at each timestep.
Proper imposition of periodicity for the energy equation requires a bit more care. For a constant uniform
heat flux, the mean temperature will rise linearly in the streamwise direction. Hence, the proper periodicity
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condition is (for the 3D case),
T (x, y, L, t) = T (x, y, 0, t) + γL, (3.4)
where γ is a constant independent of time and space. A basic energy balance gives
γ =
q′′Ao
ρcpQ
, (3.5)
where Ao is the area at the surface where the uniform thermal flux, q′′ is applied.
3.4 Nondimensionalization
To adequately simulate this heat transfer case we first non-dimensionalize the convection diffusion equation:
(ρcp)
∂T
∂t
+ u∇T = k∇2T + q′′, (3.6)
where q′′ is again the heat flux, T is the temperature field, and ρ, k, cp are the material properties. The
first step is to select the scaling for the non-dimensional variables. We non-dimensionalize the length scales
by dividing by the diameter of the pipe:
x =
x˜
D
, y =
y˜
D
, and z =
z˜
D
. (3.7)
Time is non-dimensionalized by multiplying by UD : t =
U
D ; heat flux becomes: Q =
QD
Uρf cρf
; and the velocity
is non-dimensionalized by dividing by the average free stream velocity: u = u˜U . Replacing these variables in
equation 3.1 we arrive at:
∂T
∂t
= −u · ∇T + 1
Pe
∇2T +Qf , (3.8)
which governs the fluid domain. Pe is the Peclet number, defined as: Pe = αU ·D , and α is the thermal
diffusivity of the fluid. Q is the heat flux of the fluid. The convection-diffusion equation which governs the
solid portions of the simulation is similarly expressed as:
αf
αs
∂T
∂t
=
1
Pe
∇2T +Qs, (3.9)
Where Q is the heat flux of the solid portion and a subscript of f denotes the fluid domain and a subscript
s denotes the solid domain.
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3.5 Nusselt Number
To discuss the mathematical derivation for Nusselt number, we turn our attention to the numerical compu-
tation of Nusselt numbers for 2D plane channel flow with constant heat flux boundary conditions. This is the
calculation implemented for all the cases but we derive the two-dimensional case for simplicity. Expanding
the code to three-dimensional cases is trivial.
The Nusselt number, or non-dimensional heat transfer coefficient, will be determined by solving the
convection-diffusion equation,
∂T
∂t
+ u · ∇T = 1
Pe
∇2T,
with boundary conditions
T (x+ L, y, t) = T (x, y, t) + γL (periodicity in x),
1
Pe
∂T
∂y
∣∣∣∣
y=0
= 0 (symmetry at y=0),
1
Pe
∂T
∂y
∣∣∣∣
y=1
= q′′ (prescribed heat flux at y=1).
For our selected non-dimensionalization, we take H = 1 and q′′ = 1.
The constant γ comes from the balance between the energy entering from the surface flux, Ein = Lq
′′,
and total energy removed by convection
Eout =
∫
x=L
uT dy −
∫
x=0
uT dy
=
∫
u(γL) dy = γL
∫
u dy
= γLUH,
where U = 1 is the average velocity in the channel. Setting these fluxes equal we find that
γ =
q′′L
UHL
= 1,
To simplify our numerical solution, we write T (x, t) = θ(x, t) + γx, where θ satisfies
∂θ
∂t
+ u · ∇θ = 1
Pe
∇2θ − γu (3.10)
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with periodic boundary conditions in x, θ(x, y, t) = θ(x+ L, y, t).
The heat transfer coefficient, h, is defined by the relationship
q′′ = h(Tw − Tb) = h(θw − θb),
where θw is the temperature at the wall (y = 1) and θb is the bulk (mixing-cup) temperature
θb :=
∫
Ω
u θ dV∫
Ω
u dV
,
with u the x-component of the convecting field u. In the general case, one must consider temporal and/or
spatial averages of θw and θb, but the above definitions suffice for the particular case considered here. For a
fluid with conductivity k, the Nusselt number is
Nu :=
Hh
k
=
Pe
θw − θb .
This is applied numerically in the subroutine calc nuss within the Nek5000 structure. Certain boundary
conditions are specified in user bc while heating is specified in userq. Additionally, the velocity field is
prescribed in the useric subroutine. All of these subroutines are found in the .usr file.
3.5.1 Exact Solutions
As an initial test, we take prescribed steady parallel flows of the form u = (u, v),
u =
m+ 1
m
(1− ym) ,
for integer m, v ≡ 0. The case m = 2 is standard plane Poiseiulle flow, while m =∞ corresponds to uniform
flow, u ≡ 1. The temperature θ(y) satifies
1
Pe
dθ
dy
=
m+ 1
m
(1− ym) , θ′(0) = 0, θ′(1) = Pe.
It is convenient to get rid of the prefactor by solving for θ˜ := 1Peθ, which (dropping the )˜ satisfies
dθ
dy
=
m+ 1
m
(1− ym) , θ′(0) = 0, θ′(1) = 1.
15
Integrating twice and applying the boundary conditions yields
θ = y2
(
m+ 1
2m
− y
m
m(m+ 2)
)
.
To compute Nu, we need θw and θb. The first is easy,
θw = θ(1) =
(
m+ 1
2m
− 1
m(m+ 2)
)
.
The second is more challenging. We have
θb =
∫
θ u dy∫
u dy
=
∫ 1
0
θ u dy
=
m+ 1
m
∫ 1
0
(1− ym) y2
(
m+ 1
2m
− y
m
m(m+ 2)
)
dy
=
m+ 1
m
[
m+ 1
6m
− 1
m+ 3
(
1
m(m+ 2)
+
m+ 1
2m
)
+
1
m(m+ 2)(2m+ 3)
]
.
Finally, we have
Nu =
1
θw − θb . (3.11)
For m=1, 2, 3, and ∞, we find respective Nusselt numbers, Nu= 1.8750, 2.0588, 2.1892, and 3.
3.6 Conjugate Heat Transfer
The conjugate heat transfer issues that arise from this simulation can present a challenge with the Nusselt
number. Here we detail how conjugate heat transfer is dealt with within Nek5000. As previously mentioned,
we apply the heat flux at the outer wall boundary, not the inner boundary. Thus we must redefine Nusselt
number at the outer wall rather than at the inner wall. We first consider a cylinder without the inner coil
with constant heat flux at the outer boundary.
Computing Twall
The presence of a wire coil makes a precise determination of Twall challenging, particularly if the wire is
touching the wall.
To avoid this complication, we compute a surrogate inner wall temperature, Ti, based on the conduction
in a copper annulus. This procedure follows that used in the experiments of Collins, where only the outer
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wall temperature, To, could be measured. To begin, we begin with the Laplace equation for temperature:
−∇2T = 0, (3.12)
where T is the temperature field. The solution, and corresponding boundary condition, to this differential
equation is:
T = c ln r + b (3.13)
k
∂T
∂r
(r = ro) = q′′o (3.14)
Solving for the temperature function using the boundary condition gives:
T =
q′′ro
ks
ln r + b. (3.15)
By re-arranging and subsituting ro for Do/2, we arrive at:
Ti = To − q′′o
Doln(Do/Di)
2ks
(3.16)
where the subscript o denotes the outer boundary and the subscript i denotes the inner boundary. The
subscript s denotes the material property of the solid boundary. L is the length of our pipe and Q is the
heat transfer at the outer wall.
Computing Nusselt Number
The classical definition of Nusselt number is:
Nu =
Dih
kf
, (3.17)
where h is our heat transfer coefficient and can be defined as”
h =
q′′i
Ti − Tb =
Do
Di
q′′o
Ti − Tb , (3.18)
In this equation we define Tb as the bulk temperature of the fluid. The Nusselt Number equation (3.17)
then becomes:
Nu =
Do · q′′o
kf (Ti − Tb) . (3.19)
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Using substituion, we place equation (3.16) into (3.19) and solve for inverse Nusselt Number for simplicity:
Nu−1 =
kf
Doq′′o
(To − Tb)− kf2kp ln(
Do
Di
). (3.20)
Equation 3.20 shows that the inverse Nusselt Number has two components. The first being the Nusselt
Number defined in terms of the outer wall temperature, and the second being the correction to account for
finite wall-thickness.
Computing γ
The linear axial temeprature dependence at steady state, γ, can be computed a priori. With the use of
energy conservation, we relate the energy influx to the system with the energy exiting:
piq′′oLDo = γρcp
∫
V
uzdV, (3.21)
uz is the axial component of the velocity. Solving for γ gives us:
γ =
q′′oAo
ρcp
∫
V
uzdV
, (3.22)
where Ao is the outer surface area of the pipe wall.
3.7 Time Averaging
It is important to consider the time-averaged flow due to the complex nature of turbulent flow fields. The
pertinent time-averaged equations for the determination of eddy diffusivity are computed in Bejan [2].
The time-averaged flow or temperature fields can be represented as an average field concatenated with the
variance of the flow or temperature field. The derivation of the governing conservation equations begins
with a simple representation of the time-averaged fields:
u = u¯+ u′
v = v¯ + v′
w = w¯ + w′
P = P¯ + P ′
T = T¯ + T ′,
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where the values denoted with an overbar, ,¯ represent the average values time-averaged over a long period
of time and the values denoted with a prime, ′, represent the flow field flucuations. The mean values are
represented by the followiing equation:
u¯ =
1
τ
∫ τ
0
udt, (3.23)
while the fluctuating components must average to 0 over a long time:
∫ τ
0
u′ dt = 0, (3.24)
where τ represents the period. By following a series of theorems for the algebra of time-averaged values,
the conservation and momentum (x-momentum is shown below for simplicity) equations in two dimensions
become:
∂u¯ixj
∂ =
0 (3.25)
u¯j
∂u¯i
∂xj
= − ∂P¯
∂xi
+ (3.26)
∂
∂xj
[
1
Re
∂u¯i
∂xj
− < u′iu′j >], (3.27)
where u¯ :=< u > The energy equation is of most concern here and the derivation is detailed below.
3.8 Eddy Diffusivity
Eddy diffusion is a measure of the turbulent diffusion inside the domain. This is primarily done by making
use of the previously discussed time-averaged values. The derivation of heat transport in the eddies or eddy
diffusivity begins with the energy equation:
ρcp[
∂T
∂t
+ u¯ · ∇T ] = 1
Pe
∇2T, (3.28)
where ρ, cp, and Pe are the density, heat capacity, and Peclet number, respectively. T is the simulated
temperature field. The energy equation can be re-written using the time-averaged fields as:
1
Pe
∇2T + u¯ · ∇T¯ =< u′ · ∇T ′ > . (3.29)
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Given that ∇ · u¯′ = 0 and ∇ · u¯ = 0, we know ∇ ·u′ = 0 which further imples u′ · ∇T ′ = ∇· < u′T ′ >. With
the help of this subsitution, the energy equation becomes:
−1
Pe
∇2T¯ = (−u¯ · ∇T¯ −∇· < u′T ′ >) (3.30)
After some re-arranging, the equation becomes
u¯ · ∇T¯ = ∇ · ( 1
Pe
∇T¯− < u′T ′ >). (3.31)
Equation (3.26) involves terms that can be computed a posteriori from DNS calculations. We can use this
data to analyze a simple eddy diffusivity model of the form:
u¯ · ∇T¯ = ∇ · ( 1
Pe
∇T¯ − keff∇T¯ ), (3.32)
with the postulated model:
Keff∇T¯ = − < u′T ′ >, (3.33)
defining the eddy diffusivity, Keff .
Equation 3.33 is an overdetermined system, so we use a least squares approach to define a value given
by:
Keff ≈ ∇T · < u
′T ′ >
∇T · ∇T +  . (3.34)
Here, we have added  to the denominator to avoid dividing by zero at stationary points of points of ∇T¯ .
We typically take  = 10−3.
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Chapter 4
Numerical Methods
All simulations in this report were generated in the open source spectral element code, Nek5000. The meshes
were created using scripts within the Nek5000 architecture. Our main comparison studies were conducted by
comparing turbulators with differing material properties. We elected to compare the copper coil to glass due
to its vastly different heat conduction properties. The purpose of this is to conclude whether the material
properties cause a significant increase in heat transfer. The Nusselt number, or non-dimensionalized heat
transfer coefficient, and eddy diffusivity were the main tools for comparison. The numerical methods are
detailed presently.
4.1 Spectral Element Analysis
Nek5000 is an open source spectral element code which is capable of simulating a variety of physical phe-
nomena. The spectral element method is a hybrid of finite element methods and spectral techniques. Patera
[11] introduced the methods of the hybridized spectral element method. The method involves the expansion
of a solution of a differential equation in a high-order expansion with unknown basis coefficients found via a
weighted-residual projection technique. Deville, Fischer, and Mund [5] details the spectral element methods
and their various applications. The main idea is to use Lagrangian interpolation on the Gauss-Lobatto
quadrature points to generate stable bases. Spectral element methods yield computational error which de-
creases exponentially with the approximating order of the polynomials, leading to a faster convergence with
than typical finite element methods.
4.2 Meshes and Physical Domain
Each of the cases shown in the figures below were meshed using a series of scripts and Nek5000 functionality.
The first case, in two dimensions, was used as a tool for testing and to verify our methods. Figure 4.1 shows
the mesh used for the two-dimensional case. Figure 4.2 shows the three-dimensional case which was found to
be optimal by Collins et al [3,4]. The figure shows a slice of the mesh to allow the reader to view the inner
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coil as well as a cross-sectionial cut of the domain. This three-dimensional case was generated by building
a two-dimensional domain, extruding it with the Nek5000 n2to3 utility and then specifying a user function
which twisted the geometry through an angle θ = 4piz/Lz for z[0, Lz].
Figure 4.1: 2D Mesh
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4.3 Passive Scalar Fields
To successfully generate our comparison studies, implementation of passive scalars was done in the Nek5000
architecture. Our initial studies were two-dimensional in order to reduce variability in the data, enhance
analysis, and decrease time spent using resources. In the user-controlled .rea file, certain parameters can
be specified including the number of passive scalar fields. The following cases, we elected to have one
additional passive scalar field which would contain the temperature field for the secondary coil (in our
case, glass). The thermal boundary conditions are set to exactly match the first temperature field. We
then non-dimensionalized the material properties. This is done in the .usr subroutine. Each coil is non-
dimensionalized with respect to water, the heat transfer fluid, by storing data for each coil and applying the
non-dimensionalized parameters to the temperature fields accordingly.
We wrote a subroutine titled calc nuss which computes Nu at each step and these results are plotted.
The .usr file also calculates the maximum difference between the two temperature fields and takes a temporal
and spatial average. The averages are used for post-processing and results are visualized below.
4.4 Averaging and Eddy Diffusion
Time and space averaged temperature and velocity fields are generated during post-processing. Within the
.usr file, subroutines are used to calculate the time averaged fields. For the 3D simulations, a secondary sub-
routine spatially averages in the z-direction to generate a two-dimensional averaged field. This z-averaging
was done in the invariant direction following the helical twist of the wire. These plots are reported in the
results section. The time averaged fields are generated by averaging the solutions over several flow through
times once the simulation has reached steady state. Then the time averaged field is spatially averaged along
the axial direction to produce a two-dimensional image of the field.
Much like the theoretical eddy diffusion derivation, the numerical version is also dependent on time-
averaged fields. Once the time-averaged fields are generated, the eddy diffusion field can be calculated. This
is done in the keff subroutine in the .usr file.
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4.5 2D Model Problem
To illustrate and test our procedures we consider, in the remainder of this chaper, a two-dimensional model
of our wire coil. The mesh of this domain is shown in fig. 4.1.
Periodic boundary conditions are used in the steamwise direction for both velocity and θ, with temperature
given by
T (x¯, t) = θ(x¯, t) + γx, (4.1)
following equation (3.9). The Reynolds number is Re = HU/ν based on the channel half height, H, and mean
flow velocity U . The domain lengh is Lx = 6H. The cylinder diameter is 1 and the ratio of conductivity
of the cylinder to the fluid is ≈ 690. The Prandtl number for the fluid is 5.58. A full table of material
properties for both the two-dimensional case and the three-dimensional case is given in table 4.1.
Table 4.1: Table of material properties for all simulations
k(W/(mK)) ρ(g/cm3) cp (J/(gK))
Water 0.58 1.0 4.18
Copper 400 8.9 0.385
Glass 1.2 2.8 0.84
4.5.1 2D Results
Figures 4.2 - 4.7 show the results of the two dimensional simulation. At the center of the mesh is the
cylinder which induces turbulence and acts as the insert in two dimensions. Figure 4.2 is a contour plot of
the instantaneous velocity magnitude. Figure 4.3 shows a contour plot of the instantaneous temperature
magnitude for the copper insert. Figure 4.4 depicts the temperature field in the same domain with glass
insert. The velocity field is the same regardless of the material of the insert. Figure 4.5 shows the Nusselt
numbers for the glass and copper inserts. Figures 4.6 and 4.7 show the eddy diffusion of the two cases. The
range of the eddy diffusion plots have been restricted to [0,1].
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Figure 4.2: Velocity instantaneous magnitude for copper insert
Figure 4.3: Temperature instantaneous magnitude plot for copper insert
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Figure 4.4: Temperature instantaneous magnitude plot for glass insert
Figure 4.5: Nusselt number comparison for copper and glass insert for the 2D case of Fig. 4.1
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Figure 4.6: Eddy diffusivity contour for copper insert
Figure 4.7: Eddy diffusivity contour for glass insert
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4.5.2 Discussion
The two-dimensional case served to validate our methods. Application of passive scalar operations altered
the .usr file. By setting the temperature and passive scalar fields to have equal material properties, the
methods were validated and a two-dimensional simulation was conducted with both materials.
The two-dimensional results bring to light several interesting points which steered further analysis of
the three dimensional simulation. Figure 4.6 which depicts the Nusselt number decay for both glass and
copper suggests that the material properties of the insert do not dominate the heat transer enhancement
mechanism. This conclusion is drawn from the lack of significant difference in the heat transfer coefficient.
After 83.2 convective time units, the copper coil provides a heat transfer coefficient of ≈ Nu = 2.35 where
as the glass coil provides ≈ Nu = 1.59. This result is expected to be reflected in the three-dimensional
simulation.
Secondly, the eddy diffusion of the two inserts are very similar in magnitude and structure. Since eddy
diffusion should be a function of the velocity field, and the velocity fields of the two domains are identical,
it is expected that the eddy diffusion of both inserts should be very similar.
From these observations, the three-dimensional simulation approach was constructed. To efficiently
and effectively draw conclusions about the heat transfer mechanisms driving the increased heat transfer, the
approach for determining was altered and expectations were set. From the Nusselt number plot, it is expected
that the differences, even in three dimensions, for glass and copper inserts should not be orders of magnitude
apart. From the eddy diffusion fields, it is concluded that since the values should be approximately the same
between glass and copper, the three-dimensional eddy diffusion field need only be calculated for a copper
insert. With a final approach in mind, the three-dimensional simulation tests were conducted. Results and
discussion follow.
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Chapter 5
DNS of Wire Coil Inserts
Here, we discuss the set-up and numerical results of the three-dimensional simulations of flow past wire-coil
inserts at Reynolds numbers 5300 and 10,000.
5.1 Geometric Configuration
Fig. 5.1 and 5.2 show the computational meshes used to describe the optimal geometry case from Collins [3]
having pitch p/D = 0.4273 and wire diameter e/D = 0.2507.
Figure 5.1 (cont.)
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Figure 5.1: 3D optimal fine mesh
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Figure 5.2: 3D optimal coarse mesh
These simulations employed two full revolutions of the wire, with periodic boundary conditions applied
in the streamwise (z) direction. A copper pipe of thickness D/6 surrounds the fluid domain. The wire was
built by making a two-dimensional mesh of the cross-section of the wire as it would appear when sliced in
a horizontal (fixed-z) plane, sweeping this mesh in the z direction and then applying a rotational shear of
the form θ = 2piz/p. Two meshes were considered, one having ET = 8840 elements for the thermal problem
and Ef = 5720 elements for the fluid domain, the other having ET = 93, 316 and Ef = 64, 944. We used
the finer mesh for all of the results presented here, with polynomial order N = 7.
Typical run times are one hour for 18,000 steps on 8,192 cores of the IBM BG/Q, Cetus, and two hours
for 14,000 steps on 8,192 cores of Blue Waters. The step size is ∆t = 0.00004.
The simulation was run for 62 convective time units and averaged over the last 5 convective time units.
5.2 Results
Figures 5.3 and 5.4 are representatives of the velocity magnitude and temperature fields, respectively, for the
optimal pitch diameter ratio in three dimensions. The temperature field shown is the temperature field for
a copper insert. Figure 5.5 shows the Nusselt Number decay over time for both tested Reynolds numbers.
Figure 5.6 is a temporal average for the velocity components and pressure forRed = 5300. Figure 5.7 is a
temporal average for the velocity components and pressure forRed = 10, 000. Figure 5.8 is a spatial average
for the velocity components and pressure forRed = 5300. Figure 5.9 is a spatial average for the velocity
components and pressure forRed = 10, 000. Note that neither of these figures have a z-component due to
z-averaging. Figures 5.10 and 5.11 are temporal averages and spatial averages of the temperature field for
31
Red = 5300 and Re = 10, 000, respectively. Figure 5.12 shows the eddy diffusivity for the copper coil insert
and the spatially averaged field at the same Red. Figure5.13 show the same values for Red = 10, 000. We
chose Reynolds numbers of 5300 and 10000 to demonstrate the affect of increasing Reynolds number on
Nusselt number and eddy diffusivity. These represent the application of equations 3.20 and 3.33.
Figure 5.3: 3D optimal instantaneous velocity magnitude, Re = 5300
Figure 5.4: 3D optimal instantaneous temperature field (copper), Re = 5300
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Figure 5.5: Nusselt number decay for copper and glass inserts at Re = 10, 000
Figure 5.6: Temporal average for the velocity field components, Re = 5, 300 (u,v,w, and pressure, respec-
tively)
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Figure 5.7: Temporal average for the velocity field components and pressure Re = 10, 000 (u,v,w, and
pressure, respectively)
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Figure 5.8: Spatial average for the velocity field components and pressure, Re = 5, 300 (u,v, and pressure,
respectively)
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Figure 5.9: Spatial average for the velocity field components and pressure, Re = 10, 000 (u,v, and pressure,
respectively)
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Figure 5.10: Temporal and spatial average for the temperature field (copper), Re = 5300
Figure 5.11: Temporal and spatial average for the temperature field (copper), Re = 10, 000
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Figure 5.12: Spatial average and full eddy diffusion for copper coil insert, Re = 5300
Figure 5.13: Spatial and full eddy diffusion for copper coil insert, Re = 10, 000
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5.3 3D Case Discussion
The three-dimensional data leads to several interesting observations. Some of these were previously discussed
in the two-dimensional results but are further reinforced in the three-dimensional simulation.
5.3.1 Nusselt Number
Figure 5.14 is a replication of one of Collins’ [3, 4] plots from his experimental studies. The colored dots
were plotted on the graph to indicate where the Nusselt number for each simulation has converged. The
red dots show where the copper simulations lie on the graph for Re = 5300 and Re = 10, 000. The green
dot denotes the Nusselt number for the glass insert at Re = 10, 000. This figure serves as a validation
for the three-dimensional simulation because good agreement is seen between the simulation and Collins’
experiments.
Figure 5.14: Expected values for Nusselt numbers
Figures 5.5 and 5.14 suggest that conclusions drawn from the two-dimensional simulation hold true for
the three-dimensional case. The two plots show the Nusselt number with respect to time for copper and
glass inserts. For the Re = 5, 300 case, the Nusselt number for copper is ≈ 194.
The heat transfer coefficient is plotted for Red = 10, 000 for copper and glass in fig. 5.5. The values,
as depicted in fig. 5.14 are ≈ 284 and ≈ 252 for copper and glass inserts, respectively. It can be seen that
the glass insert does not decrease Nusselt number signficantly, meaning the heat transfer rate does not vary
significantly due to material properties. Just like the two-dimensional simulation, the order of magnitude of
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heat transfer rate for glass and copper does not change. This is as expected and reinforces that the main
mechanism for heat transfer is not the material selection, though it does not hinder the heat transfer when
selecting copper over glass.
We do see that an increase in Reynolds number increases the Nusselt number. This could be a result
of increased mixing and transport. As Reynolds number increases, it is expected that the turbulence will
increase. As a result, the turbulator might increase mixing and drive the colder fluid in the core of the flow
regime to the outer portions of the domain. Resulting in an increased convection rate and an increased
Nusselt number. This leads to more investigation regarding heat transfer and convective diffusion.
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5.3.2 Fin Convection
As a result of the Nusselt number conclusions, we hypothesize that the copper insert acts as a fin to enhance
heat transfer. If this hypothesis is true, there should be a maximal heat transfer rate that correspondes with
Collins’ optimal ratio. To investigate this, a simple Matlab test was conducted which compares effective
surface area to pitch ratio. Since the convective heat transfer is defined as:
q = hA∇T, (5.1)
where h is the heat transfer coefficient, A is the effective area, and ∇T is the difference in temperature
between the surface temperature and the fluid temperature; it is expected that an increased heat transfer
rate is a result of increased surface is a result of increased surface area.
Figure 5.15: Cross-sectional plot of coils with varied pitch
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Figure 5.16: Pitch ratio versus effective surface area
Figures 5.15 and 5.16 were generated from the Matlab study and show that effective surface area only
increases as the pitch ratio increases. The effective surface area is calculated as a portion of the surface area
of a cross-sectional slice of the wire insert. As seen in figure 5.15, the red portions of the insert are deemed
ineffective due to negligible flow between the surface of the insert and the inner surface of the pipe. Since
it is known from Collins’ experimental study [3, 4] that the optimal pitch ratio of the copper insert does
generate the greatest heat transfer rate and that the optimal picth ratio is not the pitch ratio which has the
largest effective surface area, it can be concluded that the increase in surface area is not the only dominating
mechanism in heat transfer enhancement.
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5.3.3 Eddy Diffusion
The final discussion here is one which correlates directly to turbulence. As stated in the two-dimensional
section, the eddy diffusion of the domain is calculated for only the copper inserts at Red = 5300 and
Red = 10, 000 since it is expected that the eddy diffusion for the glass case to be nearly identical to the copper
case. The time averaged eddy diffusion field was generated for both Reynolds numbers and then spatially
averaged to produce the two-dimensional plots in figures 5.12 and 5.13. These plots are representative of
the averaged flow regime over a great length of time.
Perhaps the most important observation to make is that the two Reynolds numbers provide spatially
averaged plots which are nearly identical in magnitude and structure. This suggests that the increased
Reynolds number does not increase the eddy diffusion term for the domain with the turbulator. This might
mean that the large-scale swirl flow mixing of the fluid triggered by the copper coil insert dominates the
smaller-scale rotation of the eddy diffusion. Generally, eddy-diffusion is restricted by the length-scale of
the pipe diameter. However, with a tubrulator insert, eddies will be restricted further due to the decreased
spacing inside the pipe. As the fluid regime mixes due to the turbulator, the eddies no longer act as the main
diffusive component, but rather the large-scale swirl dominates. Although eddy diffusion is still technically
a large-scale effect; certainly over molecular diffusion, it does not increase with increased Reynolds number
when the turbulator is present. It would be expected that the Reynolds number would affect eddy diffusion
more in a pipe without the turbulator because the eddy length-scale is no longer restricted by the presence of
the turbulator. Except for the small scale fluid variations, this would explain the striking similarity between
the two Reynolds number cases.
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Chapter 6
Conclusion and Future Work
6.1 Conclusion
From the observations made via these studies conducted regarding heat transfer augmentation with copper
coil inserts, some conclusions can be drawn. The first is that the material properties of the turbulator are
not the main driver of heat transfer enhancement. Although it is not recommended to select glass as the
turbulator material, it could be more cost effective for industries to select other materials rather than being
constrained to only copper inserts. It can also be concluded that the increase in pitch ratio does not directly
enhance convective heat transfer. Rather, the copper insert does not act solely as a fin to generate more heat
transfer away from the inner pipe surface. Finally, it is concluded that the magnitude of the eddy diffusion
does no change with Re, but its spatial exten does. This suggests that the increase heat transfer coefficient
seen with higher Reynolds number is due to large scale mixing generated by the turbulator. Although the
eddy diffusion term does assist in the diffusion of heat away from the inner surface, the turbulent mixing of
the turbulator itself is attributed a majority of the heat transfer enhancement.
6.2 Future Work
Future studies are recommended to further refine the understanding of the heat transfer augmentation of
the wire coil insert, especially in turbulent regimes. The first would be to fluctuate the pitch ratio in the
simulation to further confirm Collins’ [3,4] extensive experimental work and to validate the present studies.
It would also be informative to increase Reynolds number to higher extremes to confirm the predictions
made regarding the eddy diffusivity and the large-scale turbulent mixing and compare these values to the
corresponding straight empty pipe domains. Further simulations which vary certain parameters, such as the
spacing between the turbulator and the wall, could also be of use for drawing conclusions about the heat
transfer mechanisms.
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